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GROUP COHOMOLOGY AND LP-COHOMOLOGY OF FINITELY 

GENERATED GROUPS 

MICHAEL J. PULS 

Abstract. Let G be a finitely generated, infinite group, let p > 1, and let 
L P (G) denote the Banach space {J^zgG a x x | IZ^gG l aa; l P ^ In this paper 
we will study the first cohomology group of G with coefficients in L P (G), and 
the first reduced L p -cohomology space of G. Most of our results will be for a 
class of groups that contains all finitely generated, infinite nilpotent groups. 



1. Introduction 

In this paper G will always be a finitely generated, infinite group and S will 
always be a symmetric generating set for G. Let M be a right G-module. A 1- 
cocycle with values in M is a map 6 : G — > M such that S(gh) — (6(h)) g + 5(g) 
for any j,feeG;a I-coboundary is a 1-cocycle of the form 5(g) — xg — x for some 
x 6 M and for all g £ G. We denote by Z 1 (G, M) the vector space of all 1-cocycles 
and the vector space of all 1-coboundaries will be denoted by B 1 (G, M) . The factor- 
group H 1 (G, M) = Z 1 (G, M) /B 1 (G, M) is called the first cohomology group of G 
with coefficients in M. Suppose now that M is a topological vector space and that 
the action of G on M is continuous. Then we give Z 1 (G,M) the compact open 
topology. Assuming that M is Hausdorff, this means that 5 n — > 5 in Z 1 (G, M) if 
and only if 5 n (g) — > 5(g) in M for all j e G. In general B 1 (G, M) is not closed in 
Z 1 (G, M). The quotient space if (G) = Z 1 (G, M) /B 1 (G, M), where B 1 (G,M) 
is the closure of B 1 (G,M) in Z 1 (G, M), is called the first reduced cohomology 
space. 

Let T (G) be the set of complex- valued functions on G. We may represent each 
/ in T '(G) as a formal sum XLeG ^ 2 ' wnere a z £ C an d /(^) = «i- For a real 
number p > 1, L P (G) will consist of those formal sums for which X^eG \ a x\ F < °°- 
Let a € J- (G) and g 6 G, the right translation of a by g is the function defined by 
ot g (x) = a(xg~ l ). Observe that if a is represented formally by X^eG a x x i then a g 
is represented by J2 X £G a xg~ lX - 

In this paper we will study the cohomology theories defined above for the case 
M = L P (G), and with G acting on L P (G) by right translations. 
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2. Preliminaries 

Let CG be the group ring of G over C. For a = Yl x eG axX ^ an< ^ @ ~ 
J2xeG S T (G) we define a multiplication T (G) x CG — * T (G) by 



/3 * a = ^2 b x a y xy = ^ b xy -ia y x. 

x-,y x£G \yeG J 

For 1 < p e M, let L> P (G) = {/3 € J 7 (G) j3 * (5 - 1) e P (G) for all 5 € 5}. 
Recall that S is a symmetric set of generators for G. We define a norm on L p (G) 

by II a \\ p = (Exec l a *l P ) P ' where a = Ezsg ^ e iP ( G )- Lct f 3 = ExgG b * x e 
D p (G) and let e be the identity clement of G. We define a norm on D p (G) 

by || P |b*(G)= (E 9£ 5 II £*(<?- 1) II? +l/?(e)l p )"- Under this norm D p (G) is a 
Banach space. Let ai and 0:2 be elements of D p (G) . We will write a\ ~ 02 if ct\ — ct2 
is a constant function. Clearly ~ is an equivalence relation on D p (G). Identify the 
constant functions on G with C. Now D p (G) /C is a Banach space under the 
norm induced from D p (G). That is, if [a] is an equivalence class from D p (G) /C 

then || [a] \\ D p(G)/C= [j2 g eS II a * id ~ 1) |||) We shall write || a || D(p) for 

II VA \\dv(G)/C- 

Define a linear map T from D p (G) to Z 1 (G, L p (G)) by (Ta) (.9) = a * {g - 1). 
It was shown in jl], lemma 4.2] that H 1 (G,J 7 (G)) — 0, so for each 1-cocycle 
8 e Z 1 {G,F{G)) there exists an a 6 .F(G) such that %) = a * (g - 1). This 
implies that T is onto. The kernel of T is C, the constant functions on G. Thus 
IF (G) /C is isometric with Z 1 (G, L p (G)). Now B 1 (G, L P (G)) = T(L p (G)) , so we 
obtain the following: 

(a) The first cohomology group of G with coefficients in L p (G) , H 1 (G, LP (G)), 
is isomorphic with D p (G) / (L p (G) C) . 

(b) The first reduced L p -cohomology space of G, denoted by (G), is isometric 
with D p (G) /Ip(G)0C, where the closure is taken in D p (G) . 



3. A SUFFICIENT CONDITION FOR THE VANISHING OF iJjL (G) 

In this section we give sufficient conditions on L P (G) so that H^ p j (G) = 0. We 
begin with 

Lemma 3.1. Let 1 < p < 00 and let a 6 D p (G) /C be a non-negative, real-valued 
function. Lf {{3 n } is a sequence in D p (G) /C such that (3 n > on G, {/?«} converges 
pointwise to 00 and \\ (3 n ||_d( p )— "> as n — > 00, i/ien || a — min(a,/? n ) ||_d( p )^ as 
n — > 00. 

Proof. Let a„ = min(a, [/„ = {x G G | > /3 n (ir)} and = {x \ x G 

[/„ or zg -1 e [/„ for some g <G S}. Represent a by Y^xeG a x x > Un by Hx&g^)^ 
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and (3 n by X^eG^)^- Now 

ii a - \\d(p) = E ii ( a ~ a «) * (5 - 1) lip 

g£S x£G 

< E E (Kff- 1 _ a ^l + K^ff-On ~ (^)n|) P 
9 €Si£V„ 

^ 2P E E (K- 1 - a -i p + i(^-0n - (^)«| P ) 

= 2 P E(E k ff -i-a»| P + E l(^ fl -0n-(&x)n| P ). 

Let e > be given. Since a G D P (G)/C there exists a finite subset i 7, of G such 
that X^gs Xa;<EG\F kg^ 1 — a s| P < e - Since f3 n (x) — * oo as n — » oo, there exists 
TV such that K C G \ F for all n > N, Thus X se s ExeK Kg- 1 - a x \ p -> as 
n — > oo. By hypothesis Xges Exev„ K&sg-On ~ (Mn| p — > as n — ► oo. Therefore 
|| a — min(a, /3„) ||.D(p)— > as n — * oo. □ 

Let a G D P (G) and a; G G. Then a(a:) will denote the modulus of a(x) and 
|a| will denote the function a (a;) = |a(ar)|. We are now ready to give a sufficient 
condition for the vanishing of HV p )(G) = 0. 

Theorem 3.2. Let 1 < p < oo. Suppose there exists a sequence {a n } in L P (G) 
such that || a n \\d{p)~* as n — > oo and {a n (x)} does not converge pointwise to 

zero for each x in G. Then Hi p \{G) = 0. 

Proof. By taking a subsequence if necessary we may assume that || a n ||_d( p )< \ 
for all n. Since |j \a\ ||d( p )<|| a \\d(v) we ma y assume that a n {x) > for all 
x G G. Set (3 n — na n . Now f3 n (x) > for all x G G,j3 n (x) — » oo as n — > oo for 
every x € G and || /?„ ||£ (p) =|| na n \\ p D(p) = n p \\ a n \\ p D(p) < n p (^) = We 
now have that || /?„ HiVp)— > as n — > oo. Let a be a real- valued, non-negative 
function in D P (G)/C By Lemma |3.f| , |[ ck — min(a,/?„) ||j3( p )— > as n — ► oo. 
Thus a G L p (G) since min(a,/3 n ) G L P (G). It now follows by approximation that 
JJ(G) = D p (G)/C. Hence H\ p) (G) = D p {G)/{L p {G) C) = 0. □ 

4. Harmonic Functions 

In this section we will give some results about harmonic functions on G. Let 
a G T(G) and represent a by X^gG fla:a:: - Now define 

(Aa)(x) := E(( a * (-9 ~ ^O)) = E^s" 1 _ a *)- 

ges ges 

We shall say that a is harmonic on G if (Act) (a;) = for each x G G, alternatively 
a is harmonic if |>S|(a(a;)) = J2 g es "(^S" 1 ) f° r eacn x m G- Let LHD P (G) = {a \ 
a is harmonic and a G -D P (G)}. Observe that the constant functions are contained 
in LHD P (G). 

Lemma 4.1. Let x G G. There exists a positive constant M x such that \a(x)\ < 
M x \\a\\ DP(G) for alla£D p (G). 
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Proof. Write x = g\gi ■ ■ ■ g n where gk £ S and no subword of (7132 ■ • ■ <M is the 
identity. Set Wk = g\gn ■ ■ ■ gk- Let a € D P (G). Now 

\a(x)\ = (\a(w n ) - a{w n _i) + a(w n -i) - a(w„_ 2 ) + 

• • • + a(w 2 ) - a(wi) + a(wi) - a(e) + a(e)| p ) p 
< ((\a(w n ) - a(io n _i)| + \a(w n -i) - a(iu n _ 2 )| + 

1 

h \a(w 2 ) - a(wi)\ + \a(wi) - a(e)\ + \a(e)\) p ) " . 

If < 01, . . . , a n € R, then by Jensen's inequality |j, p. 189] applied to the function 
x p for x > 0, 

(01 + • • • + a n f < 7if- 1 (< + • • • + <), 

consequently 

\a{x)\ < (n p ^ 1 (\a(w n ) - a(w n -i)\ p + \a(w n -i) - a(w n - 2 )\ p + 
■ ■ ■ + \a( Wl ) - a(e)\ p + \a(e)\ p ))' 

= n^(\(a * (g- 1 l))(w n ^)\ p + \(a* (g^ - 1))K_ 2 )| P + 
■■■ + \(a*(g^-l))(e)\ p + \a(e)\ p y 

\dp(G) ■ 



p-1 

<n p II a \\ DP ( 



□ 



We are now ready to prove: 

Lemma 4.2. The set LHD P {G) is closed m D P (G). 

Proof. Let {«„} be a sequence in LHD P (G) and suppose that {«„} — > a in D P (G). 



Let x £ G. By Lemma 4.1 there exists a positive constant M x such that (a — 
ot n ){x)\ < M x || a — a n \\dp(g)- Thus {a n (x)} converges pointwise to a(x) for all 
x e G. Represent a by X^eG ^ and a « b y J2 x ec(^)n x - Now Z^esCOW- 1 )" ~ 
(ax)n) = for all natural numbers n and for all x G G. Thus XgGS^ff -1 ~ a x) = 
forallxeG. □ 

The following proposition will be used in sections 5 and 6. The idea behind the 
proposition and the proof were inspired by |^, Theorem 3.1]. 

Proposition 4.3. Let G be a finitely generated group that has a central element of 
infinite order. If 1 < p < 00, then LHD P (G) = C. 

Proof. Let y be an element of infinite order that is an element of the center of G. Let 
a e LHD p (G) and x e G. Now |5| (a y (x)) = \S\ (aixy- 1 )) = J2 g£S aixy^g" 1 ) = 
YlgeS a ( x 9 V ) = S 9 gs a v( x 9^ 1 )- Hence a y is harmonic if a is harmonic. 
Define a new function (3(x) — & y {x) — a(x) on G. Now /3 is harmonic since it is the 
sum of harmonic functions. The formal series representation of (3 is ^xec^xy- 1 ~ 
a x )x. Since a 6 D P (G) we have that (3 S L P (G). Thus for each e > 0, the set 
{x I \a xy -i — a x \ > e} is finite. By the maximum (minimum) principle for harmonic 
functions it must be the case \a xy -i —a x \ < e for all ieG. Hence u y (x) = a xy -i = 
a-x = a(x) for all ieG. 

Let x £ G and g 6 S. We now have that a{x) — a(xg) — ot y {x) — a y (xg) = 
a y 2(x) — a y 2(xg) = ■ ■ ■ = a y n(x) — a y n(xg) for all natural numbers n. In other 
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words , a x — a xg = a xy -i — a xy -i g = •• • = a xy -n — a xy -n g . Since a G D P (G) and 
y n =/= y for all natural numbers n, we have that \a xy —n — a xy -n g \ < e for all e > 0. 
Thus a(x) — a(xg). The proposition now follows since S generates G. □ 



Remark AA. The center of a finitely generated, infinite nilpotent group contains 
an element of infinite order. 

5. Groups with a central element of infinite order. 

Let 1 < p G R and let d be a natural number. It was proven in that Z d 
satisfies the hypothesis of Theorem 3.2 if and only if d < p. Thus, for example, 



Theorem |3.2| cannot be used to determine if i?7„-)(Z ) = whenever d > p. In this 



section we will prove that Hr p \ (G) = whenever G is a group that has a central 
element of infinite order. 

Given 1 < p G R, we shall always let q denote the conjugate index of p. Thus if 
p > 1, then - + - = 1. Fix f3 = J2xeg b% x e D q (G)/C We can define a linear func- 
tional on D P p(G)/C by {a , (3) = J2xe GJ2 g es(( a * (.9 - !))(*)) P * (.9 - !))(*)) = 
SxeG Lges( a a; ff -i - a x )(b xg -i - where a = X^^gg G D P (G)/C. The sum 
is finite since a* (5 - 1) G LP{G) and /3 * (<? — 1) G £«(G) for each g G 5. For y G G, 
define 5^ by ^(ac) = if .t 7^ y an d S y (y) = 1. 

Lemma 5.1. Let a G J-(G). Then a is a harmonic function if and only if(5 y ,a) 
(j /or a// y GG. 

Proof. Represent a by XzeG a ^ a; ana - let y E G. Now 



ges 



Oy). 



If a is harmonic, then (<5 y , a) = 0. Conversely, if (o\,, a) = for all y G G, then a 
is harmonic since Xges^gg- 1 — a y) — f° r an 2/ G G. □ 

For X C DP(G)/C, let denote the closure of X in D P (G)/C. 

Proposition 5.2. If a € (CG) D(p} and /? G LHD q (G), then (a, (3) = 0. 

a„) I 
.01 



Proof. Let be a sequence in CG which converges to a in D P (G)/C. It follows 
from Lemma |5.l| that (a„, /3) = for each n. We now obtain, 



< 



EE((«(»- !))(»)) ((/Ms -!))(*)) 



= E E(« a - a «) * (3 - * (5 - !))(*)) 

xeG geS 

< E E I - * (-9 - !))(*)) ((/?*($ -!))(*)) 
ieG ges 

<|| I|d( p )II (3 ||-D(«)— > as n -> 00. 

The last inequality follows from Holder's inequality. 



□ 



We are now ready to prove 
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Theorem 5.3. If I < p £ K and G is a finitely generated group with a central 
element of infinite order, then H^(G) = 0. 

Proof. The space of continuous linear functionals on D P (G)/C is D q (G)/C Let 
(LHGj)^ = {/3 £ D q (G)/C | (a,[3) = for all a 6 (Z^G))^}. Since 



(CG) D(p) = (LP(G)) D{p) it follows from Proposition |j that LHD q (G)/C is con- 
tained in (LP(G))^ {p) . 

Let (3 £ D q (G)/C and represent /3 by Ez<eg ^ a '- Suppose that /? is not harmonic 
on G. Then there exists an x £ G such that EgeS^xg- 1 — °.t) ^ 0. If a is 



supported only on x, then by Lemma 5.1 we have that {a, (3) ^ 0. Thus the space of 



continuous linear functionals on DP(G) /(i p (G) C) is LHD q (G)/C. The theorem 
now follows from Proposition |4.3|. □ 



Remark 5.4. If G is a group for which L 2 (G) does not satisfy the hypothesis of 



Theorem 3.2, then using the proof of the above theorem we can obtain the well 



known result D 2 {G) = (CG)n 2 (G) (B LHD 2 (G). 



6. A DESCRIPTION OF H 1 (G,L 2 {G)) 

Let d > 1. We shall say that G satisfies condition Sd if there exists a constant 
G > such that || a \\ <t < C \\ a \\d(i) f° r all a £ CG. In this section we will 

describe the nonzero elements of i? 1 (G, L 2 (G)) for groups that satisfy property Sd 
and have a central element of infinite order. If a £ F(G) and t > 1, then a* will 
denote the function a'(x) = (a(x)) . Let us start with 

Lemma 6.1. Let G be a finitely generated group and let t be a real number greater 
than or equal to 2. If a is a non-negative, real function in J-(G), then 



a 1 



\ D{1) <2tJ2a t ' 1 (x) lj2\(<**(9-l))(x)\ 
xeG \geS 



Proof. Represent a by E^eG a x x. Let x £ G and let g £ S. It follows from the 
Mean Value Theorem applied to x* that (r 4 — s*) < t(r t_1 + s t_1 )(r — s) where r and 
s are real numbers with < s < r. Thus \a xg -i — a.^. | < ^(a^r 1 +a*~_ 1 )|a xs -i — a^l- 

Now || a* |b (1) = £ a6 o£, 6S |(a t *G/-l))(a:)| = E^E^sK^-41 < 

iE^cEges^" 1 + a l s -i)l a ^- 1 " a *l = ^E^gE^s^Ks-i -Ox|. □ 

We will now use this lemma to prove the following: 

Proposition 6.2. Let d > 2. If G satisfies condition Sd, then there is a constant 
C' > such that || a \\jm_< C' \\ a \\ D{2} for all a £ CG. 



Proof. Put t = 2 ^_2 an d represent a by E^eG axX - ^ property Sd, Lemma 5A 



and Schwartz's inequality we have (assuming without loss of generality that a is 
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non-negative). 



2d-2 2d-2 

a d - 2 d < C \\ a d - 2 



d-1 



\D(1) 



< 2C(^-i) ^ a^(x)(£ !(«*(»- !))(*)!) 



d- 


2 


2d- 


- 2 


d- 


2 


2d- 


- 2 



xeG g£S 
d 

V A V A "3^2 I 



x£G g€S 



\(X X g-l 



<1C(^—^) || a** \\ 2 \\a \\ D{2) 



Observe || a d -' 2 || <j =|| a d ~ 2 \\i and || a d ~ 2 || 2 = || a d - 2 \\l . Substituting we 

2d d — 1 2d 2. 

obtain || aJ^ \\ 1 d < C || a 1 ^ \\l\\ a \\d{2)- The proposition follows by dividing 

2d — ^d d—2 2d d—2 

both sides by || a~ || x 2 and observing that || aJ^ ||^ 5a ~ = (|| a \\^) — . □ 



d-2 



If G is finitely generated, then D>(G) C L p (G) for 1 < p < p'. If a G £ P (G), then 
a is in the zero class of 1 (G, L P (G)) . Our next result will show, for the case G 
a group that has a central element of infinite order and satisfies property Sd, that 
each nonzero class in 7J 1 (G, L 2 (G)) can be represented by a function in L p (G) for 
some fixed real number p' > 2. 

Theorem 6.3. If G is a finitely generated group that has a central element of 
infinite order and satisfies condition Sd for d > 2, t/ien eac/i nonzero class in 
H 1 (G, 1? (G)) can be represented by a function from L d - 2 (G). 

Proof. Let 1g denote the constant function one on G. If 1g € (CG)d2( G ) i then there 
exists a sequence {a„} in CG such that || 1g — a n ||d 2 (g)™*' but || a n \\ ™ 

contradicting Proposition |6.2| . Hence (CG)d2( G ) ^ D 2 (G). By Remark 5.4 



we have the decomposition D 2 (G) = L 2 (G) LHD 2 (G) . By Proposition [O 
LHD 2 (G) = C. Thus nonzero classes in 7J 1 (G, L 2 (G)) can be represented by func- 
tions in (CG) 2( G ) \ L 2 (G). Let a € (CG) C 2( G ), so there exists a sequence {a n } 
in CG such that a n — * a in the Banach space D 2 (G). Thus {a„} is a Cauchy 
sequence in D 2 (G). By Proposition [T^ {a„} forms a Cauchy sequence in L 3 ^ 2 (G). 
Now || a — a n ||^d_^ for some a £ L d = 2 (G). Since i p -convergence implies 
pointwise convergence || (a — a n ) * {g — 1) \\2—> as n — > 00 for each g £ S. Hence 
|| (5 — a„) ||d 2 (G) — * as ?i — * 00. Therefore a = a □ 

Let A be a finite subset of G and define 

dA :— {x £ A I there exists g & S with £<? ^ A}. 

We shall say G satisfies condition (IS)d if |A| d_1 < |9/l|' i_1 for all finite subsets A 
of G. Varopoulous proves the following proposition on page 224 of ||. 

Proposition 6.4. A finitely generated group G satisfies the condition (IS)d for 
some d > 1 if and only if it satisfies condition Sd- 

Now 7L d satisfies condition (IS)d but does not satisfy (IS)d+e for any e > 0. We 
now have the following: 
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Corollary 6.5. Let d > 3. Each nonzero class in H 1 (Z d , L 2 (Z d )) can be repre- 
sented by a function from L' I ^(Z d ). 
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